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1, Introduction. In the latter years of his scientific activity, Prof.

von Karman was greatly interested in the field of fluidynamics associated
with chemical reactions, which he described with the word aerothermo-
chemistry. In honoring him today, we feel it appropriate to present here J

some work in this field performed by a group of scientists, who worked

following his inspiration under the direction of the senior author. TRe: y
work was performed at the General Applied Science Laboratories, Irc., =~ “Z

¥

of which he had been one of the founders and with which he had bee:: associated.

¢
The specific problem discussed here had always been of great irterest

|
' to him because of his strong belief in the necessity of utilizing vehicles

with air-breathing engines for hypersonic flight and for the first stages

¢

(CATEGORY)

of launching of space vehicles,

,  The problem of burning in a strecam moving at supersounic specds is
- of practical interest for the design of ram engines moving at hypersonic
velocity because supersonic combustion simplifies the aerodynamic and

'structural design of the eungine,

Consider schematically a classical ramjet engine as shown in
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Figure l.‘ The engine is composed of an inlet that decelerates the air

-to subsonic velocity. Fuel is added to the stream in the burner. There
the static temperature of the air increases. The expansion of the stream
in the nozzle produces high velocities‘ and therefore thrust.

As the flight Mach number increases the performance of such an
engine deteriorates; the efficiency of the inlet decreases (because of
shock losses, and at the same time ;he static 'temperature in the burner
before combustion rapidly increases. ‘Under these conditions the addi-
tion of fuel in the burner produces small changes and even possible re-
ductions in the temperature of the air because of formation of inter-
mediate reaction products such as atoms and free radicals which cannot
recombine at this high temperature. As a coﬁsequence, the largest
part of the heat release does not occur in the burner but in the nozzle,

during the expansion process. In Fig. 2, a typical variation of the static

temperature of the air as a function of Mach number before combustion

i

is given for equilibrium conditions. This figure also illustrates the strong

decrease in engine efficiency as evidenced b}'r the behavior of the specific
impulse .(thrx;st per unit weight of fuel) obtainable with the subsonic
engine,

The structural problems related to such an engine design also become
extremely complex because of the large heat transfer in the burner
region due to the high static pressure and because ‘the area of the mini-
mum sections of the nozzle and inlet must be varied as a function of the

Mach number.
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A careful study of the problem indicates that the subsonic approach
does not appear promising for hypersonic flight, Several different
approaches have been suggested for ramjets using combustion occur -
ring in a supersonic flow field. One approach that appears quite pro-
mising is that by the senior author suggested in Ref. 1 utilizing diffusive
mixing as a control mechanism for combustion of two reacting streams
moving supersonically in the same general direction {Fig. 3). One
stream consists of air, the other of gascous fuel; the two streams mix
and react. If the reaction is fast and the losses due to mixing are small
then it is found that the system can be very efficient at high Mac;h numbers,
In order to obtain fast reaction the free stream air must be decelerated
to lower supersonic speeds so that the static temperature of the air in
the mixing region is increased sufficiently., Thé deceleration is accom-
plished by means of an inlet. However, in this scheme the most impor-
tant determining parameter is the static temperature of the air and gpot
the Mach numoer at the burner; therefore, a constant geometry inlet
with fixed contraction ratio can be used because as the flight Mach
number increases, the Mach number at the burner station required to
maintain the ignition temperature necessary for reliable combustion
also increases. In order to minimize mixing losses, the fuel is injected
tangentially to the stream, and at high velocity. A very convenient fuel

for this application is hydrogen because of its high specific impulse as
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as well as because of its attractive cooling capabilities. However,
other fuels can be utilized for various specific applications.

The mixing of the two high velocity streams of fuel and air must
occur in a short time. If the pressure and temperature at the mixing
region is sufficiently high, the mixture reacts almost instantaneously,
After combustion the flow is expanded in a nozzle in which the flow
remains supersonic throughout. The time available for reaction in
practical burner lengths is of the order of 107* to 102 scconds because
in the hypersonic flight regime the gases in the engine move at velocities”
of the order of 10% ft/sec. Simple fixed geometry engines which have
very attractive performance capability can be designed based on such
requirements. Typical engine performance attainable on the basis of
a cycle analysis for a fixed ;eometry engine are shown in Figures 4
and 5 (taken from Reference 2). Figure 4 gives the flow properties
at the burner region for the c¢nygine as a function of Mach number, Fig-
ure 5 gives the specific impulse of the fuel and of the air. This engine
scheme promises future maximum specific impulses of the order of 2000
sec. This is almost as good as that obtainable with chemical rocket
engines. A detailed discussion of the problems related to the enginc
design and of the practical possibility of such a configuration has becn
given in Ref, 1 and a more up-to-date analysis of 'such problems is pre-

sented in the Seventh Lanchester Lecture delived tomorrow in London,



by the senior author (Ref. 2). In this papcr some of the analytical
approaches<developed in relation to the fluidynamic and chemical prob-
lems will be reviewed in some detail.

2. Combustion Processes Controlled by Mixing. In the mixing

process of two strcams moving in a parallel direction, various trans-
port mechanisms take place, including diffusion of species, counduction
of heat and exchange of momentum between the two fluids. Either the
mass diffusion process or the thermal diffosion process associated with
mixing can be used in order to generate a stable combustion process.
These two different mechanisms for controlling combustion each have
~practical interest, with application, howecver, to different speed ranges.
The diffusion of species is a more suitabl¢ mechansim for obtaining
efficient combustion control at high flight Mach numbers, whereas the
thermal transport can be usecd to control combustion in the lower range
of flight Mach number or wheun the chemical reactions are slow.

In order to clarify the difference l‘)etwccn the two controlling pro-
cesses consider a jet of a gas discharging into the flow of a differeunt
uas moving at supersonic speed (Fig. ©6)., For the high values of fiight

'alr which has been decel-

Mach number, one of the streams will be '"pure’

erated to lower Mach number and therefore has high static temperature,

while the sccond is gaseous fuel also at high temperature, possibly be-
)

cause it has been used for cooling the structure. The mixing of the two

gases is gradual. Because of the high static temperature in the mixing



region and the large consequent reaction rates, combt;stion takes place
very rapidly. For practical values of static pressure and te‘x‘nperature ,
the mass diffusive mixing process is much slower than the reaction pro-
cess; therefore the mixing is the controlling mechanism for the heat release.
A requirement for such a cormbustion process is that the air stream be de-
celerated to sufficiently lower (but still supersonic) Mach number and high
static temperature so that the reactions become very fast, The combustion
length in this case is then determined by the mixing length.

At lower flight Mach numbers, the rnaximum static temperature that
can be reached by decelerating the air stream is not sufficiently high to
produce high reaction rates. Therefore, such a mechanism is not satisfac-
tory unless the fuel is at much higher temperature than the air. In this case,
heat transport can be used for the combustion control.. As an example of

'

combustion control by thermal transport we can consider a stream of a pre-
mixed combustible gas, such as air and hydrogen, and assume that a small
pilot jet of precombusted gas having very high static termperature of the fuel
mixture. Because of this high local temperature, reaction is initiated. Heat e
1s produced locally that tends to balance the cooling on the boundaries of the
pilot flame caused by the mixing process. If the heat produced by the reaction
is large enough to at least balance the cooling produced by mixing, then the
cormnbustion continues and the flame extends into the premixed gas.

Examples of the two different types of combustion are indicated in

Figures 6 and 7. Figure ba indicates schematically the geometry of the



apparatus and the flame shape. The air temperature of the external
stream in this case is sufficienily high to start combustion. The static
temperature increases rapidly and combustion takes place as soon as
mixing occurs, Figure 6b is a photograph of. the flame obtained experi-
mentally for this case. The experiments are taken from Reference 3.
Figure 7a indicates schematically the geometry and the flame shape for
the second case. In this case, the central jet.has very high temperatures.
’
The central jet has been obtained by combusting fuel with an oxidizer at
subsonic speed. The external flow is cold, however the flame continues
because of the local heat release at the mixing zone. Figure 7b shows a
photograph of a flame obtained experimentally for this condition at GASL.

This second process is of interest because it indicates that supersonic
cornbustion c;an_be generated also when the static temperature is low and
can be controlled by a mixing process, Furthermore, th'is scheme can be
useful when the reaction rates are small as in the case of hydrocarbon com-
bustion processes,

3. Qualitative Description of the Mixing Process in Presence of Chemical
Reaction. The problem of the mixing of two reacting gases is extrerncly
complex because of the many fluidynamic and chemical parameters invdlved.
The simplest possible case that can be considered is‘ when the process is
approximately two-dimensional or axially s-ymmetric, and this case is indica-

ted schematically in Figure 8. A jet of gaseous fuel is injected in a stream

of air moving at supersonic speed. The velocity vectors, Vl and v, of the
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air and of the fuels are differcnt but have approxirnately the same ‘direcc-
tion., The static pressures at the exit are equal and the static temperature
T1 and T2 are different. The line a - a of Figure. 8 is either a plane of
symmetry or an axis of symmetry or a wall. The two géses mix. Several
regions of the flow can be defined; the line AA divides 'the region in which
the fluid is air (region 1) from the region 2 where the fluid contains the
elements nitrogen, oxygen, and hydrogen. Line AB further divides the
region in which the fluid is pure hydrogen from the region 2 where a mix-
ture exists.

For this simple mixing problem two limiting cases can be considered
analytically, the first limiting case corresponds to the assurnption that the
two gases do not react. Then thc process is a pure mixing process that can
be analyzed 6n the basis of mixiny theories using boundary layer types of
‘equations. In such an analysis, if the mixing is of laminar type, the analysis
can be performed either numerically without necessity of additional simpli-
fications or analytically by simplifyinyg the description of the transport proper-
ties. If the mixing is turbulent, then information concerning the transport( oo
properties must be obtained from add_itional experimental studies. The
analysis of this type of problem requires substantial extension of existing
methods because of the low molecular weight of the hydrogen which affects
the transport properties. Use of classical types of analysis which employ

simplified or mixing length theories for representation of the transport proper-

ties give unsatisfactory results, The second limiting case corresponds to
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the assumption that the gases rcact immediately, 1.e., the reaction rates
are infinitely fast. In this case local equilibrium exists so that Mollier
diagrams can be used to determine the numerical relationships between
pressure, density, temperature, total enthalpy and composition. In this
second limiting case, additional regions and an additional line can be defined
in the flowlcalled the '"flame sheet" (line AD of Fig. 9). The flow in region
2a is oxygen rich, containing only water vapor, oxygen.and nitrogen whereas
in region 2b the gas is hydrogen rich, and contains water vapor, nitrogen
and hydrogen. Consequently the remaining concern is only with the
adequate description of the mixing process. However, it must be noted
that in the usual mixing typc of analysis, using boundary layer types of
equations a required assumption is that the pressure does not change
strongly in the direction normal to the strearnlines. This is not
necessarily the case in a combustion process where large variations of
density occur locally. Such variations of density are concentrated in the
region of large heat release and produce large deviations of streamlines
and therefore variations of pressure. The pressure disturbances travel
approximately along Mach waves of the flow. Therefore the assumption
introduced in the boundary layer type of analysis is not justified.

In the case of chemical equilibrium, the pressure variation influences '
the transport properties and changes the mixture composition and therefore,
the assumption of constant pressure at any given cross section can be

misleading. In addition the process of combustion in a confined flow is

quite different from the simplified picture of free mixing considered above,
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because of the presence of the burner walls. Two different sets of
modifications must be introduced in the analysis in order to obtain
correct information on the actual behavior of the flame.

(i) finite rates of chemical reaction must be considered,

¢

(ii) the assumption of constant static pressure in the normal direction
to the stream must be removed, and the effect of external boundary
conditions must be introduced.

The first set of modifications imposes severe complications on the
numerical analysis. First the various chernical reactionsimport',ant for the
combustion process must be defined. Then the chemical reaction rates
must be obtained experimentally. Then an analytical procedure must be
established, where the local composition of different species is determined
from the finite rate chemical process and not on the basis of local
equilibrium properties taken from a Mollier diagram.

The second set of modifications is required when combustion in a duct
is considered as schematized in Figure 10, The non-zero angularity of the
injection system, the pressure gradients generated by the mixinyg and
combustion processes and the presence of external walls, require that
the propagation of pressure disturbances in the presence of the mixing
process be considered. Such an approach is somewhat new since viscous
problems are traditionally analyzed by using a boundary layer type of
approximation. The introduction of finite rate chernistry and of non-uniform
pressure distributions imposes such a large complication on the analysis

that it becomes mandatory at this stage of the problem to use numerical
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procedures for the investigation,
In the following sections sormec of the procedures developed in

connection with the foregoing concepts will be described. Since the

comb ined effects of multi-dimensional acrodynamics, diffusion processes

and finite rate chemistry must be treated, a tremendous expenditure of

c omputing time may be anticipated unless special computing methods are

devised. Some new approaches suited to this ty;;e of'problem which
eliminates numerical instabilitics in the calculations dué to finite rate
chemistry will be described. Three principal steps related to the
numerical procedures had to be taken and will be discussed here, The
first step is related to the description of {inite rate chemical reactions,
In this phase of the analysis the issumption can be introduced that the
concentration of elements does not change along any given stream line,
so that mixing processes can be ignored.

In the second step the above one dimensional chemistry is combined
with mixing using a boundary layer type of analysis,

In the third step two-dimensional or axially symmetric combustion
‘processes are considered which take place within rigid boundaries and
with large pressure grAadiems.

Step One:One-Dimensional Finite Ratec Chem istry. In this section we

wish to discuss the nature of the chemical system in the absence of mixing

or diffusion effects. The basic concepts governing this idealized case

1
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are the conservation of specics, momentdmn and energy written,

respectively (Ref. 4, 5, 6)

da. da. W v, '
(1) St SO s SR i=1l....N
dt ds p
du du d
2 Su _ . dp
(2) P 3t FPY 53 as
(3) aH = dH = 0
dt u ds

where pis the mixture density, u thc mean (mass) velocity, H the

total enthalpy, p the pressure, a, the mass fraction of the i-th species

and Y. the chemical rate of production of the i-th species in moles/sec -
i

]

vol. The total enthalpy is constant by Eq. 3 and is further defined by

N
2 ~T

(4) H= %— T / a: h; = const
i=1

where h.l is the partial enthalpy of the i1-th species. Ilf we describe the

m-th chemical reaction involving reactant species Ry in the general form

N m N
1 R}
(5) g Vmi Rl ——— &_‘; vmi Ri
i=1 bm 'i:-.l

then the rate of forrmation ‘)’ due to the m-th reaction can be written
i

! 1
v

. T ! ; ——— ] Vrnj
= - ! - .
(6) Ymi (Vmi i} fm l_] i P ,j 75 .

where y; is the concentration (moles/unit vol.) of the i-th species, vr!*n'
K 1

.oon
. i s . 1 ~ h
and vy, are either zero or positive integers and the factors f and b, tae

forward and backward reaction rates are functions of temperature only. Then

(7) Yi = : le = Fl (T » y1 ? yz » PP YN )
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The mass fraction a; and mole coucentration y; are related by

(8) a; = i Wy

p

where Wi is the molecular weight.
In addition to the conservation equations the gas mixture obeys the

equation of state which can be written

(9) p=RTY
’
where N .
Y= > < s P
L Yy TR =
L A "

Furthermore, there exist L linear relationships among the species
concentrations corresponding to the constancy of each of the L element
mass fractions.

As seen from the above Eq. 5 it is necessary to have detailed infor-
mation concerning the nature of the chemical reaction steps and of all
the reaction rate constants appcaring in the cherhical generation described
by Eq. 6. As mentioned earlier, this is in general a v ery difficult task
for the physical chemist., It is therefore very fortunate that in the case of
the hydrogen-air recaction which.is of yrcat interest in hypersonic engine
technology, the chemistry and rate kinetics are known in sufficient detail
to meet the needs at hand. It has been founau that eight forward and eight
backward reactions involving six reacting species plus nitrogen as an inert
gas describe the essential mechanism at the temperatures of interest,
These are listed as follows:

f

(10) l. H+ O;—O0H + O
b ¢
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(11) - 2. O+H2::: Orl + H
(12) 3. H +OH—=—H +H O
2 2
(13) 4. ZOH:T:O+H)O
(14) 5. HZ +M ..-‘—‘:-Zliuf M
(15) 6. HZO+M:—\~OH +H +M
(16) 7. OH+M<~=0+H+M
(17) 8. 02+M:—“‘ZO+M
where M is any species acting as a third body. The seven species

H, O, HZO, OH, O, I—I7 and N are numbered respectively from 1
2

< 2

to 7 and for lack of better information, the concentration of M 1s
considered to be equal to the sum of all scven of the species concen-
trations.

¢

The corresponding reaction rate cocificients were estimated (Ref. 6, 7)

as follows:

. 14 _§810/T
f1 =3x10 e

£ =3x 1ol%, 4030/ T
(18) [ =3 [gh4, ~3020/T )
f,=3x otd,-3020/ T
f,=20.8x 1ot9p1, -54,000/T
£, =306 x 10° 77 T0% 200/ T
£,=25.3% 1o} p-1, 752,000/ T
£ =2.9 x10 0T 1"00,600/T
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14 _ )

1

14 ~3030/T
bZ =3 x10 e

14 -1260/T

b3 =3 x10 e

b =3x1014e—1260/T '

4

(18)
, 21 -1.5 -52,000/T
(cont’d) b =10 T e

5
1 5 -58,000/T

b, =1023T71 3, /

6 .

-1.5 ~51,000/T
b7 l=__1021,1, De /

b8 =1.4 x 1025T'2- 58‘39,600/1‘

T is the absolute tempcrature in degrees Kelvin, The rateg fl-f8

2
and bl—b4 are in units of cm3/molc svc while b5-b are in cmé/mole sec.

)
The integration of the above system of cquations is a simple matter

on large scale digital computers and was carried out for one-dimensional

flows at a number of organizations during the recent years (Ref, 8). It

was noticed during these calculations that the step sizes imposed by the

Runge-Kutta and predictor-corrector crror control criteria were extreme-

ly small even though it appeared that there were negligible chemical changes.

. . 4 . .
in the gas stream. Yet, when the step size was lncrecased, violent

numerical oscillations of the reactive species, O, H, OH, and HZO

.

occurred. This behavior of the computations was already well known
and was discussed in counnection with chemical kinetics problems as long
ago as 1952 by Curtiss and Hirschfelder (9) and as recently as 1962 by

Hirschfelder {10) as well as many others, Comparison was made in
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these references with the '"stiff equation' problem occuring in over-
controlled servomechanical systcmg.
The physical basis of the '"'stiffness' can be somewhat clarified by the
following reasoning. It is noted from Equations (10)-(17) that every
reaction generating water (y3) requires the expenditure of OH radicals (y 4)

i.e.,

(19) ¥, =

where

34 3 ‘0 ¢ T o

i
o

4337 P37

and the balance of OH is controlled by the equation

(20) y. = -a

4 4 v, 1 (suni of the other terms)

where

Since the concentration of the Oi radical (y4) is always small, and since

the rate of production of water in the hydrogen-air reaction is very fast,

the coefficient az4 of y4 in Equation (19) must be very large and intrinsically
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positive., It is also noted that the coecfficient ayy of ¥4 in Equation (2)
is never smaller than a3, and is thercfore also very large and positive. '
It was found that during the initial and final stages of the reaction (which
are the troublesome regions, a 4 and the "'sum of the other terms' do not
vary too rapidly and the Equation (20) can be described qualitatively (though
somewhat crudely) by the uncoupled linear equation in which a = ag4 is

very large

(21) y= -ay+ b

The solution of the finite difference systern approximating this equation

has the form

Y__=0~nYo+‘§‘(l-an) '
where
a =(1-aas) - Euler integration
or
‘ (aAS)Z (a AS)3 (aAs)4
e = <l -aas o+ ZW - 6 + 2c - Runge Kutta

Aside from any questions of truncation error it can be show that numexical
instability will result for absolute values of a Ao» greater than two and spurious
for a As greater than one. The step size must therefore be bounded by
magnitudes of the order of 1/a which is a very severe constraint, Exceeding

the above type of size limitation has been responsible for meaningless results,
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Observance of the limitation (to time increments of the order of 10-8 sec)
has contributed greatly to the difficulty in application of numerical methods
to engineering combustion problems. It is further to be noted that the
difficulty of carrying out finite rate calculations in the neighborhood of
chemical equilibrium is related to this same probleml of stiff equations
and small stepsize.

Faced with th. urgentneed for a practical solution of this dilemma,
a very detailed investigation of the nature of the chemical equations in the H-
air reaction was initiated at GASL, Reference 11, In particular the second
named author of this paper procwecdedby reducing the species continuity
equations to fourth order by using c¢lecmoent conservation which was used
to eliminate O and N2 so that the remaining equations can be written in
terms of the active species H, O, Z—IZO and OH. It was found by numerical
experimentation that the molar rates of formation -;,1 to :y4 could be
divided into three principal groups. These were of the form

e s

Yi:Ai+§ Bij vyt Z L Sk Y Yk b k=l-4
] 3K
where Aj, Bij and Cijk represent slowly varying functions. In the initiation-
and near equilibrium phases of the reaction (which were the numerically !
recalcitrant phases) it was found that the third term (the sum of quadratic
terms) was several orders of magnitude smaller than the first two contributions.

This and the near straight line variation of the mass fractions obtained in

Reference 5 when plotted (versus time) on a semilog plot Figure 11, suggested
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that the species conservation equations were essentially near-linear
with near-constant coefficients and that linecarization techniques should
be very useful in this system. This linearization was carried out by
expanding the products of the concentrations in a Tayl or series, retaining

‘only terms of zeroth and first order:

(22) Y.y, =y vy, o+ y. y2 - yoyo .

e

dy o
23 1 b = N
(23) dt ?1 * y1 Ci N 4‘/__ al_] yJ
J=1
where
ol dp
(24) . p dt

The expression of the species conservation equation in terms of the
concentrations Y; instead of the mass fractions a; is a conyenience because
then the c¢; and 345 depend only on temperature instead of both temperature

and pressure which would be otherwise required. The condensation g is
assumed constant over a single calculation step. For a given step, coefficients

. s . o
;, are functions of the initial values of the concentrations y; and the

cy and aiJ

temperature T®, which is likewise assumed constant at the initial value for
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the step. The coefficients are written out in detail in Reference 11 .
Under the above assumptions the system Equation 23 can be solved for
a single calculation step.

For a constant or prescribed pressure variation along the flow the
velocity is determined by Equation (2) and the temperature from Equation (4),
using piecewise parabolic temperature fits to describe the species enthalpies
hi(T).

However, the temperature is also specificd by the equation of state,
Equation (9) when the pressurc is speciiicd. Since these two values of
temperature denoted by T(p) and T(h) are not in general equal, a second
chdce of g is made and the solution procedurc repeated and the error T(p)- ,

T(h) noted. An interpolation and iteration procedure is then used to minimize

the error. The density at the end of the step is then computed from

-

| T
(25) P L v W
1

[N

It will be noted that the systern of Equation (23) as defined above is
piecewise linear and amenable to many solution techniques other than
Runge-Kutta or predictor-corrector.

The first solution procedurc usced was by determination of the
exponential solutions, The problem of stability therefore did not arise.
Since the ecquations actually behave like lincar equations with constant
cocfficients at initiation and near cquilibrium, it was not surprising that the

solutions were found to extend with accuracy over several orders of magnitude
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in a single calculation step in these reaction regions. It was found
that the entire reaction could be described with useful accuracy in as
little as 10 steps wherceas if 40 steps were used (t:.lking 4 scconds on an
IBM 7094) the results were practically indistinguishable from the Rungc-
Kutta, precfictor-corrector solutions using about 10,000 steps. Itis also
significant to note that e¢ven with the crudest stepsizes, the asymptotic
values of the solutions are correctly recached. Some curves, Figure 12
illustrate this rather well. It will be noted that the permissible stepsize
at the beginning and at the end of the rcaction (cquilibrium) become very
large in complete reversal of the requirements of the Runge~Kutta procedure.,

The exponential solution technique prescnts,of course, no difficulties in
the hydrogen-air reaction which is recucible to a fourth order system. But
GASL is also much concerned with chumical systems such as methane-air
combustion which has thirteen species roducible only to nine. The determination
of the eigenvalues of the gencral non-symmetric ninth order matrix is a
clumsy, time consuming and not very accurate opceration even on the largest
available computers, Other numerical solution';)rocedures were therefore
examined. Among the integration methods that resulted in stable numerical
sequences were the subdomain method,' least squares and Galerkin. Undoubt-
edly others are possible. The subdomain mecthod (Ref. 12) was found to be
particularly convenicnt for numerical application to large order systems.

In order to illuminate the reason that instability was so successfully

eliminated by this method it is useful to consider application of the sub-
domain method to the first order equation (Equation 2) whose stability was

9 1

considered previously for the Euler and Runge-Kutta solutions.,
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Using an assumed parabolic variation of concertration with time,
substituting the parabola with undetermined coefficients n Equation (21) and
setting to zero the integrals of the residue taken between 0 and Al2 and
between A/Z and A, vnough conditions are satisfied such that successive

solutions are related by the difference equation

aA bA
26 = 1- |
@y Yo+ 1 yn(\ Dy / D,
where 21
Dy= — | 3 +(3+aA) | >0
o

This can be integrated;

n b n.
y =ay " — {l-a)
n % a
(27)
where
an
=] -
1'% R

The quantity ap / Dois a positive nurnber lying between zero and 93 It
folows that the solution Equation (27) cannot oscillate but instead approaches
the correct asymptotic value, b/a.

The extension of the above mcthod to large systerms such as the
hydrogen and methane oxidation rcactions has been carried out successiully,
An accurate calculation of a complcte hydrogen reaction requires less than
10 seconds of 7094 computer time and the methane reaction tdkes about

20 to 30 seconds. .




Step Two:Coupled Diffusion and Chemical Reaction in Shear Flows. Having

eliminated the obstacle of small chemical step size, there remains the
problem of coupling the above described technique of chemical computation,
which is a one-dimensional process, with shear flow, which is at least two-
dimensional. The problem was approached by splitting the species mass
fractions into two components, one of which satisfied a portion of the
species conservation equation containing the diffusion operator but no
chemical generation whereas the other component did the reverse. For
purposes of exposition, the conservation cquations are written below for a
two-dimensional steady boundary layer flow with Lewis and Prandtl numbers
equal to unity and the equations are cast in stream function coordinates.
(Note that these simplifications were not actually made in the practical case,

nor were the equations actually written in these coordinates.)

{28) S o Srx W,
- = (pup —i) + —i 0
ds U 3y pu
(29) ¢ H 3 3H
= —(pup—)
ds 3y 3y
(30) du 3 du
' = (pup )
3s dY Y

It is clear that the above equations present no numerical problems

in integrating in the case that ¥; is zero. For Y. unequal to zero we define
1
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(31) o, =p, T q.
1 1 1
and
dp. 3 3 (p.* q.
(32) i = (pup iS4y
3s 3y By

Then in order to satisfy Equition (28), q; must satisfy

’ s N
32 e ; R
In the above, .;,_1 can be considered linearized and the Bi and Aij
coefficients differ from the c; and a3 of Equation (23} only by including
the Wi/pu factor.
It is possible to fix the initial conditions for p; and q at the beginning
of a computation step in more than one way. In particular, it is possible

to assume the combination

(35) q;{x_ .o yk)= 0

p.(x +O.yk)=<1§xn.>k> '
and

ql(xn+o. yk)= ai(xh. yk)
(36)
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The subscripts n, k are chosen in anticipation of the finite difference net
formulation, and the added zero to n + 0 is required since p and q are in
general streamwise discontinuous across a net point although their sum
‘a is continuous.
The choice of initial conditions turns out to be irrelevent for either
explicit or implicit computations insofar as numerical stability is concerned.
Consider the explicit formulation with conditions, Equation (35). Then
the difference .equation corresponding to Equation (32) becomes very simple

(the p; becomes uncoupled) and the solution can be written

As

L p.(n, k)

37 +1, k) = , k) +
(37) pi(n ) P, (n, k) Ao P

where the operator Lk 1s intended to indicate the vertical shift and summing

operator;

L = f - + 2f
o) kpi(n, k) =1/2 (fk+1 + zk) pi(n, k + 1)- (fk+1 21k+fk-l)pi(n’ k)
3

T, ., k-1
(i) o )

Then the solution a;(n+1,k) term is the chunge in chemical composition over

the diffusion step in which pj is assumed to remain constant and is calculated
from the subdomain chemistry routine as previously described for the

equation

3 R
—5—(q +p.(n, k)) =B+ &~A (q~+p (n, k)
0s i i S R .

(40)
Yt p; (m, KD =pi(n, ) = (0, K




26
where a (n, k) is determined at the (n, k) mesh point. The solution to
i

Equation (40) can then be expressed formally:

(41) q(n +1, k) =E (n, k) + D« (n, k)
i i 1) ]
It should be noted that p; need not be kept constant in (40) but can be
treated in the subdomain method as a known distribution .

Equation (39) becomes

Ot( nt+1, k) =M _a(ns k) +E<(n’ k)
1 ij j 1

M.. =6+Y(6L + D

1] ij 1] k ij
1 1=
6 =1
i) 0 i%#]
__Bs
T (ay)”

For stability the eigenvalues of M must all have absolute value less than one.
In order to examine the stability of this system, the approximation
fk+1 = fk = fk-—l was made in Equation (38) so that the von Neumann approach

is applicable, Then

tv

(43) YIL «(n, k) =- 2Y[f (l-cos 8) w.(n, k)
k7 K j
The stability condition can then be stated
A1 <x +1-2Y[f (l-cos §) <1
D k
where AD is the real part of any eigenvalue of D.

Then
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A 2 + A
D <Yl < D
ka( 1- cos 8) ka(l-cos 8)

(44)

¢

The lower limit requires that)\Dbc negative and the upper limit that

. 2+ AD
(45) A <
4f

K

and that ) be not less than -2, i.e.,
D

-2 < <0
(46) >\D

In order to estimate the eigenvalues of D in an analytic form, we
are unfortunately forced again to consider the uncoupled equivalent of

Equations{40) and (41). The solution in this case for a two step (parabolic)

subdomain technique is

ALs . B
(47) q. {n +1, k) = —— ¢ (n, k) ¥ ———
1 D, 1 DZ

D, =1/12 [(3- AAs) + 3]

(48)




so that
(49) -.94 < ) - Dbs <0
D DZ ‘ .

This satisfies the requirement (46). For a one-step (linear) sub-
domain technique, the uncoupled cquation gives the same form of

solution as (47) except that

A
(50) D—sD=l- 285
1 2 ‘
and
) _ A As
(51) S - e

The inequalities of Eq. (51) for the one-step subdomain technique
still satisfy Eq. (46) but with all of the approximations made, it is
probably a poor risk for coupled diffusion.. Just as the eigenvalues of
the magnifications matrix depend on the order of the fit, so it also
varies somewhat when least squares or Galerkin methods are used.

It can be shown in a similar way that use of Condition (36) results
in a completely equivalent step size criteria.

It was furthermore found, on the basis of the same heuristic type
of reasoning that the implicit coupled process is unconditionally stable.

wc wish to remark at this time that the stability analyses outlined
above leave much to be desired from the point of view of exactness or
thoroughness. Nevertheless thcy served their purpose in that they illum-

inated the landscape into which we¢ were venturing and made it possible
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to estimate rather well the order of cffort required.

In application of the foregzoing to physical problems an axisym-
metric configuration was considered, both.bccause of convenience in
adapting existinz programs, and because of the availability of experi-
mental results with which comparisons were possible and desirable.

Since the flows considercd were turbulent the formulation of the
conservation equations, for an axisymmetric turbualent flow was based

on that of the paper by Zeiberg and Bleich (Ref. 13):

r - :
(52) Py (L2 W ! 1 ¢ il
{
Sx v 3 L o v 3y _} pu
(53) tu 13 1 2 T 2 3u
= ; €puy ‘;
2 x pu  3dx vy W oy |
- — -
— 3T I 3 1 3 i C. 1 2 3T |
c = sliivaie-wnll Bonairui o Slw
3 P dx x I 3 O : ,
(54) g v L v ’ J
r 2
cpuy? [ dal Le T c 2ei | h,ow.y
H LT . - W
> tlaew] o 3 i PLoady _{ up P
L.

where i is the stream function and is related to y by

W4t
boGy

(55) =
y =2 o

oV
ol

In the above, 'LC is the turbulent Lewis number, o the turbulent

Prandtl number, Cp the mixture specific heat and € the turbulent vis-

cosity., In view of the turbulent nature and the uncertainties of the
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mixing in the flow all justification for use of multispecies diffusion
coefficients disappears so that a single Lewis number is in order,

The determination of a model to be used for description of the |
turbulent viscosity is a subject of considerable difficulty, especially
for jet flows with large deunsity gradients as occurs in connection
with a jet of hydrogen into air. A discussion of th¢ problems involved
is presented in Ref. (1) and the results of rﬁore recent work will be
presented in London (Ref. 2) tomorrow. For the purposes of our
combustion studies, we have therefore left open a small black box ¢
in our digital computer labeled eddy viscosity into which we pour
any model of viscosity that scems appropriate at thé moment.l'

The program was first tricd on for size on a <4-inch diameter
jet flow which was of some intercst in counnection with a high-altitude
fuel dumping problem. The jet of hydrogen issued at 1038 fps and
temperature of 276°K into a hot high-speed cxterior stream of air
moving at 3069 fps and temperature 1388, 5°K, Both streams were

assumed at .0l atmosphere pressurc,

The viscosity model used in this casc was given by

56 - . 025 - n.
(56) € Tz 1P B

where /2 is the radius at which pu is the mean value between p u

e ¢

and pu. The resulting calculation (Fig. 13) showed the external stream
3]



-
-

first drops in temperaturce where it mixes with the cold hydrogen and
then at a distance of about 4 feet reverses and starts to heat up so
that a peak temperature develops at about .25 feet from the axis,
The temperature pcak then shifts to the axis which has developed a
fairly large mass fraction of oxysen (Fig., l4). As {)urning proceceds
this frec oxygcn then rapidly rcacts with the e¢xcess hydrogen on the
axis, :

This calculation has no experimental counterpart available at this
time, but was presented becausc it shows (1) the non-existence of a
flame-sheet, and (2) the intercsting development of a first temperature
peak in the nydrogen-air mixing reglon.,

A sccond case treated was that of the 0.6-inch diameter hydrogen
jet mentioned earlicr in conncction with mass diffusion control. Here
the pressure distribution measurced along the axis varies rather strongly
both below and above atmospheric prussurce, Calculations were made
assuming that the static pressurc is approximately constant across any
cross scction of the jet and changes only ulong the jet. Such calculations
made with scveral different pressure distributions showed strong resuiting
axial stagnation temperature variations (Zig. 15). The curve computecd
using a pressurc distribution simulating the measurcd distribution (Fig. l1o)

showed excellent agreement with the measured axis stagnation temperature,

Radial stagnation temperature variations measured. at station x = 0.9 {t



also agr‘ccd very well with culeulated values, (Fig. 17). The flame
shape (Fig. 18) was not too wcil simulated and the complex pressure
field may have something to do with this,

The third case considered was of the axisymmetric flame propa-
gation from a pilot flame into a premixced hydrogen-<air flow at atmos-

o}

pheric pressure, 300 K and 2100 fps and with equivalence ratio of one,
This is the Tase referred to in conncction with combustion control by
thermal conduction and diffusion combined with species diffusion. In
Fig. 19 we have plotted the calculated isotherms for the flow, It is
seen that the pilot first cools but then the temperature rises rapidly
along the axis as the premixcda gas ignites. The isotherms spread out
on parallel cones with a slopc of about 16°. This angle is in cxcellent
agreement with the observed angle on the experimental counterpart of
this calculation, In Fig. 20 we¢ have further plotted the computed
streamlines supcerimposed upon the isotherms. It will be noted that
the streamlines obchave very reasonably, curving away from the axis in
front of the flame and straightening out in the flame. The streamlines
do not become completely straight on the figure because the hcat rclease
is not entircly complete. These results secem to indicate very good
agreement of the theory with cxpcriment in this type of flame propaga-
tion problem. |

In a sense Fig. 20 also indicates the limitations of the method of
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computation, since the curvatare of the streamnlines increasces indefinit-
e¢ly with distance away from the axis. Such a flow cannot exist at large
radial* distance without development of pressure gradients,

Step Three: Supcrsonic Combustion with Pressure Gradicats and

Mixing. The assumption in the analysis ol the combustion that the
static pressure is constant at any given section notably simplifies the
problem. However, it is not sufficiently accurate for such purposes
as the detailed design of combustion chambers because of the large
variation of temperature and density produced locally by the reaction,
as pointed out in the Introduction,

For the type of process analyzed the chemical reaction produces
much larger pressure variations than the diffiusive process, and is the
main cause of large pressurc gradicents. In this case, it can be assumed
in the analysis that the variation of pressure due to mixing is small
compared to the varilation of pressure produced by the reaction and can
be calculated as a perturbation of a basically inviscid flow. When this
assumption is introduced, an approximatc analytical method can be
developed which takes into account the complex pressure variations due
to reactions (Ref, 14). Since thesc pressure are usually described in
terms of a characteristic network, this was taken as the basis for a

calculation procedurec, We write the exact cquations for supersonic

flow with diffusion and chemical effects, putting the usual inviscid flow
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terms on the left-hand side anua the remaining terms on the right-
hand side. Such a system can be formally transformed into a sys-
tem in which differentiation along stocamlines and characteristics
can be present only in the left-nand side. A formal solution of this
system involves (l) the dctcrm;nation' ot the intcrscction of character-
istics, (2) the solution of the compatibility cquation along the character-
4

istics, and (3) the solution of the cunergy cquation along the streamline,
Such equations are quasi-lincar and thercetfore can be handled by well-
known techniques. The coeificicnts on the left-hand side of these equa-
tions contain the contributions o! the inviscid effccts only. In a character-
istic step such contributions arc approximated at the initial points and
a first approximation of pressarc .and cathalpy 1s made at the intersection
of the characteristics. On the basis of this pressure and enthalpy, a
better c¢valuation of the chuemical reaction along a streamline is made.
.
The aforementionced coefficicnts are conscequently modified, and the char-
acteristic computation is repeated.

In the two-dimensional case, the momentum cquations for the above

formulation are:
eaqq *tp = A
5 S

. >
(58) pg @ +p =0
s n
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where pis density, p is pressure, ¢ and ¢ tiic modulus and the
dircction of the velocity relative to cugine axis. The quantity A

S

is given by

(59) A={(pq)
n

n

where uis the viscosity,

The subsequent solution of the compatibility cquations requires
that A be constant or of smail relative variation during an integration
step. Then the initial computation can be made approximatcly using

C o ., . . .
the initially known value A, {ollowued by itcration to obtain a more
accurate mean value A,

The continuity equation rcads
(60) qp Tpg " pgo. =0
s

and the cnergy equation can be stated (assuming for simplicity that

the Lewis and Prandtl numbers are cqual to unity)

, 1
(ol1) Hs-— ;q—-(}lHn)l

1

where H is the total enthaipy
2
(62) H=h+q /2

h being the static enthalpy.

The usual neglect of diffusion along the streamline has been made



in comparison with lateral diffusion,

In order to complete the description of the system we express

the enthalpy by means of the equation

N N
= . + —
(63) h hag ¥ T, ) o ——
i=l i=1

where ¢« 1is the mass fraction of species 1i. From the equation of
i

state we further obtain

o] - ! T~ 3 c
(64) p - t pb _ 1Y S . RpT Z aA, =0
s p T i \Nl

R being the gas constant and W the molecular weight of species 1.
1

The specics conservation equations must take into account the

mixing of species between strecamlines and the change in mass-fraction

of the specics due to chemical rcaction along the streamline. Thus,

a 3 /3 N
(65) o = pD —2 ., TN

1s foXel 3n 3n ng

where, again for simplicity, a siugle binary diffusion coeifficient D

- has been assumecd. For unit Lewis number we can substitute

(66) pD =y
The subscquent algebralc manipulations to put the equations into
suitable characteristic form are tedious so that details should be sought in

Ref, (14). It i1s shown that the third-equation to be used with Eq. (57)
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and (58) can be put in the form

F , -
(g + —)q + ——p TFOQ =E

(67) a ° P s 0
dn.
where F=TZoz, >
1 47T
RpFT —
Ez_l_(“f{) _Zh.a.-k._p;____“_ o5}
pq N'n i 11 p 1—;',.—
i

It is seen that the viscosity does not appear in (57), (58)
and (67) except on the right-hand sidc¢ and so does not directly
effect the streamline and characteristic directions and the location

of the net 1ntersections,

.
Conclusion, In conclusion considerable progress has been made
"in the mathematical treatment of problems involving coupled axis [lows,
diffusion and chemical reaction, In particular, the mathematical descrip-
tion of multispecies chemical rcactions has been very greatly expedited
and rendered applicable to two-dimengional flow problems. A number

of cxperimentls involving both initially unmixed and premixed hydrogen
were available for comparison w‘ith ;alculatcd results, Agreement in

many important respects was excellent,
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